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Abstract
Let Fq be a finite field of characteristic 2, with q elements. If q  8 then every polynomial P ∈ Fq [t] has
a strict representation P = A2 +A+BC, i.e.:
max
(
deg
(
A2
)
,deg
(
B2
)
,deg
(
C2
))
< deg(P )+ 2.
When q  4 we display the finite list of polynomials that are not of the above form. More generally, the
representation of P by a ternary quadratic polynomial Q(A,B,C) is studied. Furthermore, we show that
every polynomial P ∈ Fq [t] has a strict representation P = A2 +A+BC +D3, i.e.:
{
max(deg(A2),deg(B2),deg(C2)) < deg(P )+ 2,
deg(D3) < deg(P )+ 3.
This is an analogue of a result of Serre: for q odd, every polynomial in Fq [t] is a strict sum of 3 squares,
where either q = 3, or q = 3 and P is distinct from some finite number of polynomials.
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Let Fq be a finite field of characteristic p, with q elements. We first recall some notions and
facts:
• Two quadratic forms q(x1, . . . , xr ) and q ′(x1, . . . , xr ) over Fq are equivalent if there exists
a Fq -linear isomorphism u : (Fq)r → (Fq)r such that: q ′ = q ◦ u (see [12, Chapter 4]).
• Two quadratic polynomials over Fq are equivalent if their homogenizations are equivalent.
• A strict representation of a polynomial P by r squares (r ∈ N∗) is the decomposition
P = A21 + · · · +A2r ,
where for all j, Aj is a polynomial such that
deg
(
A2j
)
< deg(P )+ 2.
More generally, a strict representation of a polynomial P by a quadratic polynomial
Q(x1, . . . , xr ), r ∈ N∗ is the decomposition
P = Q(A1, . . . ,Ar),
where for all j, Aj is a polynomial such that
deg
(
A2j
)
< deg(P )+ 2.
• If p is odd, one defines the quadratic character χ of Fq as follows:
χ : Fq → Fq, χ(x) =
⎧⎨
⎩
1 if x = 0 is a square,
−1 if x = 0 is not a square,
0 if x = 0.
We have the following property (see [1, Chapter 3, Section 6]): two non-degenerate quadratic
forms over Fq are equivalent if and only if their discriminants have the same quadratic character.
In this paper we are interested in the following problem. Suppose that the characteristic p is
odd. Let P be any polynomial of Fq [t], k the integer such that deg(P ) 2k  deg(P ) + 1. We
can write:
P = p2kt2k + · · · + p0 = tk
(
p2kt
k + · · · + pk
)+ 1 · (pk−1tk−1 + · · · + p0). (1)
Since the quadratic forms xy + zw and x2 + y2 + z2 + w2 are equivalent, over Fq , we see that
every polynomial of Fq [t] has a strict representation by 4 squares.
However, the problem of the strict representation by 3 squares instead of 4 is less trivial and
remained without solution for several years. A partial solution was obtained (as a special case)
by Car in [2] using the circle method. The problem has finally been resolved by Serre in [5,
pp. 7–11] using Weil’s theorem on the number of points of an algebraic curve over a finite field.
Now, in the case p = 2, it turns out that the same method serves. Observe that the representa-
tion of P by ternary quadratic forms over Fq is trivial when the characteristic p of Fq equals 2
650 L. Gallardo et al. / Finite Fields and Their Applications 13 (2007) 648–658since a ternary form that represents strictly all polynomials is equivalent to the form x2 + yz (see
Section 4) and we have trivially, using the same notation as in (1):
P = x2 + yz
for x = q2ktk + q2k−2tk−1 + · · · + q0, y = t (q2k−1tk−1 + q2k−3tk−2 + · · · + q1) and z =
q2k−1tk−1 + q2k−3tk−2 + · · · + q1 where pj = q2j for all j ∈ {1, . . . ,2k}.
Moreover, since P = xy+z for x = tk , y = p2ktk +· · ·+pk and z = pk−1tk−1 +· · ·+p0, we
see that the strict representation of P by the ternary quadratic polynomial xy + z is also trivial.
An analogue of a strict representation of P ∈ Fq [t] by 3 squares when q is odd, is the strict
representation of P ∈ Fq [t] by the quadratic polynomial x2 + x + yz when q is even.
Furthermore, when q is odd, the polynomial P has a strict representation by the quadratic
polynomial x2 + x + yz if and only if −(P + 1/4) has a strict representation by x2 + y2 + z2,
since −(x2 + x + yz + 1/4) = −(x + 1/2)2 − yz, and since the quadratic forms −x2 − yz and
x2 + y2 + z2 are equivalent over Fq .
The aim of this paper is to prove two results on strict representations. Let Fq be a finite field
of characteristic 2, with q elements.
(A) If q  8 then every polynomial P ∈ Fq [t] is of the form
P = A2 +A+BC,
where the following condition on A,B,C holds:
max
(
deg
(
A2
)
,deg
(
B2
)
,deg
(
C2
))
< deg(P )+ 2 (2)
(see Theorem 1).
We say, in this case, that the polynomial P is decomposable, and we call P exceptional if it
is not decomposable.
When q  4 we display the finite list of exceptional polynomials (see Section 3).
More generally, the representation of P by a ternary quadratic polynomial Q(A,B,C) is
studied (see Proposition 1).
(B) In all cases every polynomial P ∈ Fq [t] is a strict sum of a cube D3 and a quadratic poly-
nomial A2 + A + BC (see Theorem 2), i.e., the polynomials A,B,C satisfy (2) and D
satisfies
deg
(
D3
)
< deg(P )+ 3. (3)
The proof of (A), as Serre’s proof for the odd characteristic case, is an indirect one so that it
remains as an open problem the question of the possibility to find explicitly the values of the three
polynomials A,B,C above. The only known result is in [8]: it is proven that all polynomials in
Fq [t], where 3 divides q , are explicit strict sums of three squares plus one cube.
However, explicit representations [4,6–10] have been already found for cubes, biquadrates,
and also for cubes mixed with squares, while indirect methods (see [5], its bibliography and [2,3])
based on the circle method had given worse results, and only for polynomials of sufficiently high
degree.
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analogous of the Waring problem over the ring Fq [t]. In other words, for any k > 2 with
gcd(k,p) = 1, it is unknown what is the exact value of the minimal number g(k,Fq [t]) of kth
powers that are required in order to represent strictly every polynomial in Fq [t] that is a sum of
kth powers.
It is worth mentioning that we have comprehensive results [13–16] for representations which
are not strict.
2. Serre’s proof adapted to characteristic 2
The following lemmas are the keys to obtain our main results.
Lemma 1. (See [5, Lemma 1.16].) Let n  2 be a natural number, P a polynomial of degree
m ∈ {2n − 1,2n}. Suppose that there exist a divisor d of n and distinct irreducible polynomials
P1, . . . ,Pn/d , each of degree d , such that the congruence y2 + y ≡ P (mod Pi) is solvable for
1 i  n/d . Then, P is of the form A2 +A+BC, where A,B,C satisfy (2).
Proof. The polynomial C =∏Pi is of degree n. By the Chinese remainder theorem, the con-
gruence y2 + y ≡ P mod C has a solution A with degA< n. Therefore, P = A2 +A + BC for
some polynomial B such that degB  n. So, A,B,C satisfy (2). 
By analogy (see [5]), we consider a fixed polynomial P ∈ Fq [t] of degree m, the integer
n = [(m+ 1)/2] so that m ∈ {2n−1,2n}, and the affine curve C over Fq , defined by the equation
y2 + y = P(x). Let Fq be the algebraic closure of Fq . If α ∈ Fq , we denote by deg(α) the degree
of the minimal polynomial Pα of α over Fq .
Let C(Fqn) = {(α,β) ∈ (Fqn)2 | β2 + β − P(α) = 0}. The map γ :C(Fqn) → N, γ (α,β) =
deg(α) is a fibration.
Let d be a divisor of n. Put
Nd = card
(
γ−1(d)
)
, Γd =
{
α ∈ Fqn | ∃β ∈ Fqn, (α,β) ∈ γ−1(d)
}
.
We obviously have Nd = 2 card(Γd) and card(C(Fqn)) =∑d|n Nd .
Lemma 2. (See [5, (1.7)].) Let n > 1. We have card(C(Fqn)) qn − 2(n− 1)qn/2 − 1.
Proof. Let Y be the projective closure of C(Fqn), Y its normalization. Then Y is either an elliptic
curve or a hyperelliptic curve of genus g(Y) n− 1, since (see [11, Chapter 3, Section 5]):
g(Y) =
{
m−1
2 if m is odd,
m−2
2 if m is even.
By the Riemann hypothesis for Y , we have
∣∣qn + 1 − card(Y)∣∣ 2g(Y)qn/2  2(n− 1)qn/2.
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card(Y) qn + 1 − 2(n− 1)qn/2.
The natural projection Y → Y is injective except over the point at infinity, and the inverse image
of that point contains at most two points. So,
card
(C(Fqn)) card(Y)− 2 qn − 2(n− 1)qn/2 − 1. 
Lemma 3. (See [5, Proposition 1.18].) Let d be a divisor of n > 1 such that n/d is odd. If
card(Γd) n, then every polynomial P ∈ Fq [t] of degree m ∈ {2n− 1,2n} is decomposable.
Proof. For a given α ∈ Γd , choose β so that (α,β) ∈ C(Fqn). Because n/d is odd, Fqn/Fqd has
no quadratic subextensions. Therefore, β ∈ Fqd . Let sα : Fq [t] → Fqd such that
sα
(∑
i
ai t
i
)
=
∑
i
aiα
i .
Let A ∈ Fq [t] such that sα(A) = β . Then,
sα
(
A2 +A− P )= 0 ⇒ A2 +A ≡ P mod Pα.
Now Γd is closed under the Galois action over Fq , therefore it contains all the Fq -conjugates
of any one of its elements. So, the number of distinct minimal polynomials Pα for α ∈ Γd is
card(Γd)/d  n/d by hypothesis. The result follows from Lemma 1. 
Lemma 4. If 1 < n = rw with r = 2l and w odd, then
∑
δ|w
card(Γrδ)
qn − 1
2
− (n− 1 + vn)qn/2,
where vn = 1 if n is even and vn = 0 if n is odd.
Proof. We have
∑
d|n
cardΓd = 12 cardC(Fqn)
1
2
(
qn − 2(n− 1)qn/2 − 1),
by Lemma 2.
So, if n is odd, then
∑
δ|w
card(Γrδ) =
∑
d|n
cardΓd
and we are done.
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d is just card(Γd), because Fqn contains the solution of x2 + x = ζ for every ζ ∈ Fqd . Therefore,
l−1∑
ν=0
∑
δ|w
card(Γ2νδ) = qn/2. 
Now, for any natural number k, let τ(k) (respectively σ(k)) the number of divisors of k (re-
spectively the sum of divisors of k). We have the
Lemma 5. If 1 < n = rw = 2lw (where w is odd) and if nτ(w) − rσ (w) < (qn − 1)/2 −
(n− 1 + vn)qn/2, then there exists some divisor d of n such that n/d is odd and card(Γd) n.
Proof. Suppose that card(Γd) < n for every such divisor d of n. Then, in particular we have
card(Γrδ) < n for every divisor δ of w. Since rδ divides card(Γrδ), we obtain card(Γrδ) n−rδ,
which, in turn, implies
nτ(w)− rσ (w)
∑
δ|w
card(Γrδ)
(
qn − 1)/2 − (n− 1 + vn)qn/2,
by Lemma 4. 
Corollary 1. If 1 < n = rw = 2lw (where w is odd) and if nτ(w) − rσ (w) < (qn − 1)/2 −
(n− 1 + vn)qn/2, then every polynomial P ∈ Fq [t] of degree m ∈ {2n− 1,2n} is decomposable.
Proof. This follows from Lemmas 5 and 3. 
Lemma 6. The conditions of Lemma 5 are satisfied in the following cases:
(i) q  8 and n 2,
(ii) q = 4 and n 3,
(iii) q = 2 and n 9.
Proof. Since σ(w)w and
τ(w) =
∑
δ|w
δ√w
1 +
∑
δ|w
δ>
√
w
1 =
∑
δ|w
δ√w
1 +
∑
w/δ|w
w/δ<
√
w
1 2
∑
δ odd
δ√w
1 21 +
√
w
2
,
we have
nτ(w)− rσ (w) n(1 + √w )− rw = n√w  n3/2.
654 L. Gallardo et al. / Finite Fields and Their Applications 13 (2007) 648–658Thus, putting f (q, x) = (qx − 1)/2 − xqx/2 − x3/2, q ∈ N∗, x ∈ R, x  2, it suffices to show
that
⎧⎨
⎩
f (q,n) 0 for all integers q,n such that q  8 and n 2,
f (4, n) 0 for all integers n 3,
f (2, n) 0 for all integers n 9.
We see (using Maple computations) that:
• for a fixed integer n 2, f (q,n) is an increasing function of q for q  8,
• the functions g(x) = f (8, x), h(x) = f (4, x) and l(x) = f (2, x) increase for x  2, x  3,
x  9, respectively,
• g(2) 0, h(3) 0 and l(9) 0.
So, we are done. 
We have then obtained our first main result:
Theorem 1. Let Fq be a finite field of characteristic 2, with q elements, and let P ∈ Fq [t] be a
polynomial of degree m. Assume that q and m satisfy one of the following conditions:
(i) q  8 and m 3,
(ii) q = 4 and m 5,
(iii) q = 2 and m 17.
Then P is decomposable.
3. Representation of polynomials of small degree m
3.1. Case m 2
We have
Lemma 7. All polynomials of degree m 2 are decomposable.
Proof. Put P = at2 + bt + c ∈ Fq [t]. Since a is a square, we can write:
a = α2 and P = A2 +A+BC with A = αt, B = (α + b)t + c, C = 1. 
3.2. Case m 3
In this section we are interested in the “small” values of m such that the inequality in
Lemma 5 does not hold for n = [(m+ 1)/2], namely, the cases (q = 4, m ∈ {3,4}) and (q = 2,
m ∈ {3, . . . ,16}). Our results are obtained by direct computations using Maple. For the case
q = 2, in which the degree m of P is even and greater than 10, we need the following obvious
lemma.
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P = A2 +A+Q is decomposable.
3.2.1. Case q = 2 and 3m 16
The exceptions of degree m are:
m = 3:
1 + t + t3, 1 + t2 + t3.
m = 4:
1 + t3 + t4, 1 + t + t2 + t3 + t4.
m = 5:
1 + t3 + t5, 1 + t + t2 + t3 + t5, 1 + t + t3 + t4 + t5, 1 + t2 + t3 + t4 + t5.
m = 6 :
{
1 + t5 + t6, 1 + t + t2 + t5 + t6,
1 + t + t4 + t5 + t6, 1 + t2 + t4 + t5 + t6.
m = 7: no exception.
m = 8:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1 + t + t3 + t5 + t8, 1 + t2 + t3 + t5 + t8,
1 + t3 + t4 + t5 + t8, 1 + t + t2 + t3 + t4 + t5 + t8,
1 + t + t5 + t6 + t8, 1 + t2 + t5 + t6 + t8,
1 + t4 + t5 + t6 + t8, 1 + t + t2 + t4 + t5 + t6 + t8.
m = 9:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
1 + t5 + t9, 1 + t + t2 + t5 + t9,
1 + t + t4 + t5 + t9, 1 + t2 + t4 + t5 + t9,
1 + t3 + t5 + t6 + t9, 1 + t + t2 + t3 + t5 + t6 + t9,
1 + t + t3 + t4 + t5 + t6 + t9, 1 + t2 + t3 + t4 + t5 + t6 + t9,
1 + t + t5 + t8 + t9, 1 + t2 + t5 + t8 + t9,
1 + t4 + t5 + t8 + t9, 1 + t + t2 + t4 + t5 + t8 + t9,
1 + t + t3 + t5 + t6 + t8 + t9, 1 + t2 + t3 + t5 + t6 + t8 + t9,
3 4 5 6 8 9 2 3 4 5 6 8 91 + t + t + t + t + t + t , 1 + t + t + t + t + t + t + t + t .
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
1 + t9 + t10, 1 + t + t2 + t9 + t10,
1 + t + t4 + t9 + t10, 1 + t2 + t4 + t9 + t10,
1 + t3 + t6 + t9 + t10, 1 + t + t2 + t3 + t6 + t9 + t10,
1 + t + t3 + t4 + t6 + t9 + t10, 1 + t2 + t3 + t4 + t6 + t9 + t10,
1 + t + t8 + t9 + t10, 1 + t2 + t8 + t9 + t10,
1 + t4 + t8 + t9 + t10, 1 + t + t2 + t4 + t8 + t9 + t10,
1 + t + t3 + t6 + t8 + t9 + t10, 1 + t2 + t3 + t6 + t8 + t9 + t10,
1 + t3 + t4 + t6 + t8 + t9 + t10, 1 + t + t2 + t3 + t4 + t6 + t8 + t9 + t10.
m = 11, 12, 13, 14, 15, 16: no exceptions.
3.2.2. Case q = 4 and 3m 4
Let α ∈ F4 \ {0,1}. The exceptions in F4[t], of degree m 4 are:
m = 3: ⎧⎪⎨
⎪⎩
α + t3, 1 + α + t3, α + t + t2 + t3, 1 + α + t + t2 + t3,
α + αt + (1 + α)t2 + t3, 1 + α + (1 + α)t + αt2 + t3,
α + (1 + α)t + αt2 + t3, 1 + α + αt + (1 + α)t2 + t3.
m = 4:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
α + t + t3 + t4, 1 + α + t + t3 + t4, α + t2 + t3 + t4, 1 + α + t2 + t3 + t4,
α + αt + αt2 + t3 + t4, 1 + α + (1 + α)t + (1 + α)t2 + t3 + t4,
α + (1 + α)t + (1 + α)t2 + t3 + t4, 1 + α + αt + αt2 + t3 + t4,
α + (1 + α)t2 + t3 + αt4, α + t + αt2 + t3 + αt4,
α + αt + t3 + αt4, α + (1 + α)t + t2 + t3 + αt4,
1 + α + (1 + α)t2 + t3 + αt4, 1 + α + t + αt2 + t3 + αt4,
1 + α + αt + t3 + αt4, 1 + α + (1 + α)t + t2 + t3 + αt4,
1 + α + αt2 + t3 + (1 + α)t4, 1 + α + t + (1 + α)t2 + t3 + (1 + α)t4,
1 + α + (1 + α)t + t3 + (1 + α)t4, 1 + α + αt + t2 + t3 + (1 + α)t4,
α + αt2 + t3 + (1 + α)t4, α + t + (1 + α)t2 + t3 + (1 + α)t4,
α + (1 + α)t + t3 + (1 + α)t4, α + αt + t2 + t3 + (1 + α)t4.
4. Strict representation by ternary quadratic polynomials
We describe in this section the quadratic polynomials in at most 3 variables X,Y,Z that
represent strictly all polynomials P ∈ Fq [t] with q a power of 2.
Lemma 9. (See [12, Theorem 4.14].) Let q be a power of 2. Let T : Fq → F2 be the trace map.
(a) Let f be a non-degenerate quadratic form in 2 variables X,Y over Fq . Then f is equivalent
to either XY , or X2 +XY + αY 2, where α ∈ Fq with T (α) = 1.
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alent to XY +Z2.
Lemma 10. Let a, b ∈ Fq be such that a = 0, then, representing all polynomials P is the same
that representing all polynomials aP + b.
Proof. It suffices to observe that {P | P ∈ Fq [t]} = {aP + b | P ∈ Fq [t]}. 
Proposition 1. Let q be a power of 2. Let Q(X,Y,Z) be a quadratic polynomial with coefficients
in Fq . Assume that either Q represents strictly all polynomials P ∈ Fq [t], or that Q represents
all such polynomials, but a finite number of them. Then Q is equivalent to one of the following
polynomials:
XY +Z, X2 +X + YZ, X2 + YZ.
Proof. We already showed in Introduction that every P was represented strictly by the ternary
quadratic polynomials XY + Z and X2 + YZ. Theorem 1 proved that this was also true for
X2 +X + YZ with some exceptions listed in Section 3.
We prove now that representation by any other quadratic polynomial Q reduces to rep-
resentation by one of the three above. Write Q = H + L where H is a quadratic form in
X,Y,Z and L = aX + bY + cZ + d is an affine polynomial with coefficients a, b, c, d ∈ Fq .
From Lemma 8, and using Lemma 9, we obtain the following results: we may take H ∈
{X2 +XY + αY 2,XY,X2,X2 + YZ} where T (α) = 1.
• In the first case, H = X2 + XY + αY 2 with T (α) = 1 so that Q does not represent polyno-
mials P of odd degree.
• When H = X2 we get the same conclusion.
• If H = XY and c = 0 then we are reduced to the case Q = XY + Z; while if c = 0, then
Q = (X + b)(Y + a) + ab + d, so that we are reduced to study Q = XY that does not
represent strictly irreducible polynomials.
• If H = X2 + YZ, and a = 0 then we are reduced to study Q = X2 + YZ, while if a = 0
then we are reduced to study Q = X2 +X + YZ. 
5. Decomposability with cubes
In this section, we show that every polynomial P ∈ Fq [t], q even, is of the form
P = A2 +A+BC +D3,
with the usual conditions (2) and (3) on the degrees for strict representation.
We need the following obvious lemma.
Lemma 11. For q = 2, if P is exceptional, then 1 + P is decomposable.
For q = 4, if P is exceptional, then t3 + P is decomposable.
Proof. See the lists of exceptional polynomials in Section 3. 
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P = A2 +A+BC +D3,
with the usual conditions
2 max
(
deg(A),deg(B),deg(C)
)
< deg(P )+ 2,
and
3 deg(D) < deg(P )+ 3
on the degrees.
Proof. If P is decomposable then we take D = 0.
If P is exceptional and q = 2, then 1 + P is decomposable and we take D = 1.
If P is exceptional and q = 4, then t3 + P is decomposable and we take D = t . 
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